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--------------------------------------------------------ABSTRACT----------------------------------------------------------- 

In this paper, we consider the generalized Kac-Moody algebras associated with Generalized Generalized 

Cartan matrices of finite A4  family. The root multiplicity of all roots is determined using Witt partition function. 
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I. INTRODUCTION 

Borcherds introduced the notion of generalized Kac-Moody algebras (GKM algebras) in [2]. 

Determining the multiplicities for imaginary roots is still an open problem. Kim and Shin, computed the 

recursion dimension formula for all graded Lie algebras in [5]. A closed form root multiplicity formula for all 

the roots of GKM algebras were derived by Kang in [6] and [7]. Root multiplicities of the indefinite kac-Moody 

algebras HD4
(3)

, HG2
(1)

 and HDn
(1)

 were determined in [3] and [4].  The classification of purely imaginary, 

Strictly imaginary and special imaginary roots were given in [8] - [12]. The EB2 family was studied in [13] and 

[14].  In this paper, we consider the finite A4 family and compute the root multiplicities for the Generalized Kac-

Moody algebras. 

 

II. PRELIMINARIES 

The definitions and notations are  used as in  [1], [15] and [16]. Let I={1,2,3,…} be a finite or 

countably infinite index set and  be a real matrix satisfying the following conditions:   

1.  either  or   

2.   if  and  if ;  

3.   implies   

A is called a generalized generalized Cartan matrix (abbreviated as GGCM) and the Lie algebra  

associated with A is called the generalized Kac-Moody algebra. We assume that a GGCM A is symmetrizable if 

 a diagonal matrix  with  such that DA is symmetric. 

 

Let , , and let  be a collectioon of positive 

integers such that  for all . 

 

The GKM algebra  associated with a symmetrizable GGCM  of charge 

 is the Lie algebra generated by the elements  with the 

defining relations: 

 

 

 
  if ,  

 if  

where,  

. 

Let  for all ,  if , and let  be the irreducible highest 

weight module over  with highest weight . 
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Let  be the subgroup of  generated by the simple reflections  and let 

. Then  is the Weyl group of the Kac-Moody algebra  and  be 

the set of right coset representatives of  in .  

 

Proposition:[2]:  w 

here  denotes the irreducible highest weight module over  with heighest weight  and  runs over all 

the finite subsets of  such that any two elements in  are mutually perpendicular. Here we denote by , the 

number of elements in  and , the sum of elements in . 

 

Define the homology space  of  to be  

 

  

Let 

 and  for i=1,2,3,….   

For , we denote by  the set of all partitions of  into a sum of ,  

(i.e).,   

 

For , we will use the notaion  and . Now, for , we define a function  

 

  (1) 

 

The function  is called the Witt partition function.  

 

Theorem 1.1[2]:   Let  be a root of a symmetrizable GKM algebra . Then we have 

 

  

 

  

  

where  is the classical Mobius function.  

 

III. ROOT MULTIPLICITY OF A GKM ALGEBRAS OF FINITE A4 TYPE 

In this section, we explicitly determine the root multiplicities of GKM algebra associated with the 

GGCM which is an extension of finite .  Consider the GKM algebra of finite A4 type  associated with the 

Generalized Generalized Cartan Matrix (GGCM)  
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of charge  where  . 

 

Let  be the index set for the simple roots of . Then,  is the imaginary simple root with 

multiplicity  and  and  are the real simple roots. 

 

Then we have  

                    counted  times. 
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Since ,  can be either empty or . 

If we take , then 

                    , 

where   

and  

By proposition, we have 

                     (  copies) 

                     

                     

                     for  

 

Therefore we get  

                    (  copies), 

where  is the standard representation. 

By identifying  with            

 we have  

, where 

 

dim = dim = dim = dim =  dim = . 

 

For  the only partition of  into a sum of  

 is  

     

                      

 

Therefore, by solving the above condition we get,  

 
                                . 

 

Thus the Witt partition function (1) becomes 
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Therefore, by the Theorem (1), we obtain the following proposition: 

 

Proposition 3.1: Let  be the GKM algebra associated with the GGCM  

 



































21000

12100

01210

00121

0001k

A  

of charge  with . 

 

Thus, for the root  with , we have 
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 Some special cases:  

1.  If  or  or  or , 

 

                                   then  

 

2.  If  

then  

 

 Example:  

(i)  For the root (6,5,4,3,2), using the formula (2), we have  

  

66

)2,3,4,5,6( 60
!1!1

!2

!1!2

!3

!1!3

!4

!2!4

!6

6

1
dim rrg                        

                     

                    In particular when r=2, we get  

 

(ii) For the root (10,8,6,4,2), using the formula (2), we have  

  
510

)2,4,6,8,10( 1211340dim rrg   

In particular when r=2, we get 11611776dim )2,4,6,8,10( g  

 

(iii) For the root (3,3,3,3,3), using the formula (2), we have  

  
3

dim
3

)3,3,3,3,3(

rr
g


  

In particular when r=3, we get 8dim )3,3,3,3,3( g  

 

(iv) For the root (5,4,3,2,1), using the formula (2), we have  

  
5

)3,3,3,3,3( 12dim rg   

In particular when r=5, we get 37500dim )3,3,3,3,3( g  

 

IV. CONCLUSION 

Thus, we have delimited the root multiplicity for the finite type of GKM algebras A4. Similarly we can 

explicitly find the root multiplicity for other families of finite, affine and hyperbolic type of GKM algebras.  
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