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----------------- --=----------—--ABSTRACT:

Given a topological space (X,T) we define uniformity U on X such that (X, 1) is
uniformly continuous uniform space and it becomes the smallest uniformly continuous uniformity
with respect to which set of continuous functions is larger than set of 7 —continuous functions.
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INTRODUCTION
Let X be any non empty set. Let F be the family of all pseudo metrics on X. Then F # @ since discrete metric
on X is a pseudo metric. For any subfamily 2 of F define the uniformity on X whose subbase is the family of all
sets

Vi ={(Xy)e XxX/p(x,y)<r}, pe 2 andr>0
L~ B={BcXxX/E=0NL, L;m s € Furp = 0on = 1%} is a base for uniformity on X.

Now let (X,T) be a topological space. Let £(X) be the set of all continuous complex valued functions on X. For
every fe €(X), define di :XxX—= B asd;(x,y) =1f(x)-f(y) I. Then d; isa pseudo -metric on X. With the

help of pseudo-metric d; on X define an open sphere S, (x),xe X,r>0as S, (X) ={y: ds (X,y) <r}

As the intersection of any two open spheres contains an open sphere about each of its pts , the family { S, (x) /
x £ X } is abase for topology for X. This topology is the pseudo-metric topology for X generated by pseudo-

metric deon X say Tz ..

Let P be the family of pseudo metrics d; on X as f £ £(X). Then P defines a unique uniformity on X such that S
={ Vi /f eB(X) andr >0} formsa subbase where Vi, = {(X,y) € XXX/ df (X,y) <r} We denote this
uniformity on X by L.

Definition: Uniformly continuous uniform space:

A uniform space is said to be Uniformly continuous uniform space if every real valued
continuous function is uniformly continuous.
Theoreml:  Let (X, T) be atopological space and U be the uniformity defined on X as above then (X,U) is

a Uniformly continuous space.
Proof: For proving this theorem we require following two lemmas.

Lemmal. Every U -continuous mapping is T -continuous.

Proof: Let f: X — L be any U -continuous mapping, where U is the above defined uniformity on X. Then we
show that f is T -continuous. Let G be any open set in €. Then f'(G) is U— open in X. i.e. f~*(¢) € T;, where
T={TcX/¥xeT3 Ue Us.t UX]cT}. Now we show that T;; =T,
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Suppose T & Ty and x £ T. Then we have U £ U s.t. U[x]c T. Since U £ U by def" of U 3 f,,f,,.....f, € E(X)
and ryro,....... rpall positive such that v = NI, Vs, ., = U. Then VIl c Ulx] = T

But VIx]={y: (xy) eV}
={y: (xy) e Nz Vi,
=Hy:(xy) eVy, Vi=12,0m }
={y fly) esfEy) vi=1.2....n}}
Hyye §76EE ) ) vi=12.n}}
=y ye N £ SEG. ) )

Now for each i, (5(f;(x}. r;} ) is an open subset of C and each f; is T-continuous

hence £;~*(S(f;(x),r;) )isT —open. = N, £ (5 Gl ry) ) is T— open. ie. Vx] is T— open . ie.

for every x e T 3 T—open set V[x] such that x £ V[x] = T. This proves that T & . Hence T, 7.

Lemmaz2: If f is T —continuous then f is U-uniformly continuous function.

Proof: Since f is T-continuous function, d«(x,y)= 1 f(x)-f(y) I ,x,y & X defines a pseudo metric on X and hence
di £ P. Then for any r >0 Ug, ={(X,y)/d«(X,y)<r} is a subbase member of the uniformity U. i.e. Us, € U such that
(x,y) €U, = 1T(X)-f(y) | <r.Thus fis U-uniformly continuous function.

Proof of Theorem 1: Suppose fis U - continuous complex valued function on X. By lemmal fisT —
continuous. By Lemma 2 fis then U — uniformly continuous function. Hence (X, 1) is uniformly continuous
uniform space.

Note: From lemmal €z, = €7 . But from lemma2 every T—continuous function is U-uniformly

continuous and hence it is T{—continuous function.
ie. L'?Jﬂ- c EJ"';“_ = EG.- = E*T"d'

Theorem2:  Suppose (X,V) is a uniformly continuous uniform space such that Cr € Cz, then U <V where U
is the uniformity on X determined by T—continuous functions on X. i.e. U is the smallest uniformly continuous
uniform space such that Cr € Cr, .
Proof: To show that < V7, let U £ L. Then there are T—continuous functions
fi,...fronXand g =0.i= 1L23....nsuchthat W= N, [(xy):lfil) —fy)l < g IcU ... (1.
Since each T—continuous function f; is J:—continuous and 7 is a uniformly continuous uniform space, each f; is
1V - uniformly continuous for i = 1,2,3.....n. Hence for each g =0 3 ¥ €V such that
CovdeV==lf) - fl< g.ieV=NL,VcWclU ButV=nN%,V eV = U e V(by definition
of uniform space) i.e. U = V... ie.U is the smallest uniformly continuous uniform space such that &y € Cz, .
Corollary:  Suppose (X,V) is a uniformly continuous uniform space such that

TESTthenUcV ...
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